1.1 Invariance under rigid motions

The Laplace equation is invariant under rigid motions, which means that if « is
a solution of the Laplace equations, u o R is a solution of the Laplace equation
as well, where R means a rigid motion. In fact, the following identity holds for
rigid motions:
A(uo R) = Auo R.
It is easy to verify the case that R is a translations. Next we verify the case that
R 1s a rotation. We let
(RZE)Z = Z CLijIj.
J
Then A = (a;;) satisfies that

AAT = ATA =1,
that is,
Z a;ra;, = 0,5 and Z AkiQg; = 0jj. (1)
We have ' '
(uo R); = Z(uk o R)ay,
k

(uo R)y; = Z(ukl o R)ay;a;.
Hence '

A(uo R) = Z(ukl o R)aya;.
By (1), N

A(uoR) =Y (uy o R)oy = Auo R.
kl



1.2 Laplacians in spherical coordinates in 2D

Next we calculate the Laplacians in spherical coordinates in 2D. In 2D, we have
the spherical coordinate transformation
x =rcosb;
y =rsinf.
The Jacobian is
cosf) —rsinf
sinff  rcosf

The inverse is

cosf) sinf

sinf cos6
r r
Therefore, by the chain rule,
in 0
8, = cos 00, — 2V 9,
r
0
0y =sinf 0, + cos Op.
r

Then,

A =02+ 0, = [cos0 0, (cos00,) +sinf 0,(sin 6 9,)]

N [sin@ae (sin609> N Cosﬁae (cos@ae)]
r r r r

n {— cos 69, (S”;e@) +sinfd, (Cofeag)}

+ [—Smeag(cosﬁ&«) + Coseag(sinea)] :

T T

By utilizing the cancellations in each pair, we obtain that

1 1
A=09+-0,+ =0,
r T

1.3 Laplacians in spherical coordinates in 3D

Next we calculate the Laplacians in spherical coordinates in 3D. We will use
cylindrical coordinates as an intermediate coordinate to convert the 3D cases to

2D cases. Suppose that the Cartesian coordinate is (x,y, z) and the spherical



coordinate is (r, p, 0):
x = rsinf cos ;
y = rsinfsin g;
z =rcosf.

Then the cylindrical coordinate (s, ¢, 2) is

T = §COS ¥;
Y = Ssin p;
z=2z.

We could observe that the transformations (z,y, z) to (s, ¢, z) and (s, ¢, 2) to

(r, p, 0) are similar to the 2D spherical coordinate transformation. So we have
A=02+0;+02
9, 1 Lo o
=0; +-0s + 50, +0;
s s
1 1, 5 1 1.,
=0, + 50, + 07 + 0, + 505
So it remains to calculate 0,.

0s = 150, + 050y.

Since
z =rcosb,
s =rsiné,
0
0y = sin 6 0, + €os Op.
r
Therefore,

sin?@ ¥

The contents of this notes are mainly from Strauss’s PDE section 6.1.
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